In this paper, we establish two strong limit theorems for arbitrary stochastic sequences. As corollaries, we generalize some known results.
Introduction
Let {X n , F n , n 0} be a stochastic sequence on the probability space (Ω, F, P ), that is, the sequence of σ -fields {F n , n 0} in F is increasing in n (that is F n ↑), and X n is measurable F n .
In Ref. [3] , Jardas et al. have proved a strong law of large numbers for sequences of independent random variables which generalized Chung's classical strong law of large numbers (see [1, p. 124] ). In Ref. [4] , Liu and Yang have proved two strong limit theorems for arbitrary stochastic sequences which generalized Chow's strong law of large numbers for martingale difference sequences (see [2, p. 35] ) and also Chung's classical strong law of large numbers.
In this paper, we establish two more general strong limit theorems for arbitrary stochastic sequences. As corollaries, we generalize Jardas et al.'s result for sequences of independent random variables as well as Liu and Yang's results for arbitrary stochastic sequences.
We first give a lemma.
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Main results
Theorem 1. Let {X n , F n , n 0} be a stochastic sequence defined as before, and {c n , n 1} be a sequence of non-zero random variables such that c n is measurable F n−1 . Let ϕ n : R + → R + be Borel functions and let α n 1, β n 2, K n 1 and M n 1 (n 1) be constants satisfying
Set A = ω:
Then
Proof. Let n 0, X * n = X n I (|X n | |c n |). Let k be a positive integral number, and let Z n = ϕ n (|X n |)/ϕ n (|c n |),
where τ k = ∞, if the right-hand side of (5) is empty. It is easy to see that
Since A k = {τ k = ∞}, we have by (6), for all n,
Hence we have
By (1),
By (8) and Borel-Cantelli lemma, we have
Since A = k A k , we have
Since
By (11) and (2), we have
Let Y 0 ≡ 0 and
It is clear that {Y n , F n , n 0} is a martingale difference sequences. Observe that
By (1), we have
By Lemma 1, [4] .) Let {X n , F n , n 0} be defined as in Theorem 1, {a n , n 1} be a sequence of positive random variables such that a n is measurable F n−1 . Let {f n (x), n 1} be a sequence of non-negative even functions on R and positive in the interval x > 0 such that f n (x)/x and x 2 /f n (x) are non-decreasing in the interval x > 0. Set
Proof. Letting ϕ n (x) = f n (|x|) = f n (x), c n = a n , α n = 1, β n = 2, K n = 1 and M n = 1 for all n in Theorem 1, this corollary follows. 
Corollary 3. Let {X n , F n , n 0}, {ϕ n (x), n 1}, K n and M n be given as in Theorem 1, and {c n , n 1} be a sequence of non-zero numbers. If
Proof. By (19) and non-negativity of ϕ n , K n and M n for all n, we have
Thus P (A) = P (B) = 1. This corollary follows from Theorem 1. 2
Corollary 4.
(See [3] .) Let {X n , n 1} be a sequence of independent random variables with EX n = 0 for all n, and let {c n , n 1} be a sequence of non-zero numbers. Let {ϕ n (x), n 1}, K n and M n be given as in Theorem 1. If (19) holds, then
From Corollary 1 or Corollary 4, we can easily obtain Chung's strong law of large numbers for sequences of independent random variables (see [1, p. 124 
]) as follows:
Corollary 5. Let {X n , n 1} be a sequence of independent random variables with EX n = 0 for all n, and let {c n , n 1} be a positive increasing sequence of real numbers tending to infinity.
Theorem 2. Let {X n , F n , n 0} and {c n , n 1} be given as in Theorem 1. Let ϕ n (x) : R + → R + be Borel functions and let α n 0, β n 1, K n 1 and M n 1 (n 1) be constants satisfying
Let A, B be defined as (2) and (2 ), respectively. Then
n X n converges a.e. on AB.
Proof. Let n 0, X * n = X n I (|X n | |c n |). Let A k , τ k and Z n be defined as in the proof of Theorem 1. Using a similar argument, we also prove (7) holds. By (22), we have |x| α n /|c n (ω)| α n K n ϕ n (|x|)/ϕ n (|c n (ω)|), as |x| > |c n (ω)|. By (7), we have
By (24), we similarly have (9) holds. Hence (10) holds. Let
Using a similar argument used to derive (7), we have
|X n | |c n | dP 
Proof. Letting ϕ n (x) = f n (x) for x > 0, α n = 0, β n = 1, K n = 1 and M n = 1 in Theorem 2, this corollary follows. 2
